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Abstract

We have developed a general framework to configure a spiking neuronal network so that it can precisely

generate a desired spatio-temporal pattern of spikes. The unit of spiking neuronal networks employed here is a

leaky integrate-and-fire model with a connection delay. We have shown that the required network configuration,

and its existence, can be characterized by a set of linear inequalities constructed from the given pattern. The

stability of the configured spiking neuronal network is discussed, which lead us to applying some routine

methods in linear-programming to solve the set of inequalities, and yields the desirable spiking neural network

configuration. To demonstrate the application of our approach, numerical examples with randomly generated

patterns were explored and included.
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Configuring Spiking Neural Networks for

Given Spatio-Temporal Patterns

I. INTRODUCTION

Almost all biological neurons emit and receive spikes; hence, spikes are essentially the information carriers. It

is natural to expect that artificial neuronal networks should and have to employ a similar strategy: using spikes

as functional units, or more generally, spatio-temporal patterns of spikes as computational and functionally

meaningful units, if we attempt to reveal the underlying computational mechanisms of the nervous systems

[1], [2], [3]. Spiking neuronal networks have been widely investigated in the past decades, both in theory and

through experimentation. There is, however, one key issue which has not been resolved that hinders further

development of spiking neuronal networks: to clearly demonstrate the advantage of a spiking neuronal network

over the classical artificial neuronal networks in information processing. One of the difficulties in fulfilling such

a task lies in the fact that we do not have a general purpose learning rule. In order to ensure that a spiking

network can produce a series of desired spatio-temporal spiking patterns, such a rule is needed, similar to the

back-propagation learning rule in the classical artificial neural networks.

We have been, along with many others, interested in this issue for many years [4], [5], [6]. It has turned out

to be a difficult task to find a learning rule based on a cost function; for example, the distance between the

current spike pattern and the desired, given spike pattern. If a leaky integrate-and-fire model is used, then we

face the problem that the trajectory of its membrane potential is not differentiable and hence a gradient descent

method is not directly applicable (see for example, [4]). If a more complex model such as Hodgkin-Huxley is

used, the cost function becomes too difficult to handle. Some success has been reported in the literature for a

simplified neuronal model, i.e. the phase model [7, and references therein].

In our current study, we adopt a different approach from the examples above. Our approach involves a

one-step configuration process of a neural network that produces the desired firing pattern. First, we present

a theoretical framework of the necessary conditions for a network to produce the desired firing pattern for an

appropriate initial condition. The units of the network are leaky integrate-and-fire neurons with constant inputs.

Our results show that increasing the number of neurons increases the freedom of the network configuration. In

other words, with a large enough number of neurons and a given spiking pattern, multiple configuration are

generally available. An analysis on the stability of the pattern generation enables us to propose an algorithm

to select an optimally stable solution out of many (infinite) solutions, with the help of some routine methods

developed in linear-programming. Numerical examples demonstrate that our approach can produce complex

spatio-temporal patterns of spikes as desired.

As mentioned above, to the best of our knowledge, our approach is the first to successfully present a theoretical

framework to yield a configuration of a spiking neural network for a desired, given pattern. This is one of our

series of papers aiming to elucidate how to develop and implement learning rules for spiking neuronal networks.
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We hope this will provide a full spectrum of learning rules, and lead to the demonstration of the advantages

of spiking computation over rate-coded computation.

II. EXISTENCE OF NETWORK CONFIGURATION

A. Definitions and notation

Assume that we have N neurons in a network. The network is desired to produce a given spatio-temporal

firing pattern P = {tip |0 < tip ≤ T, i = 1, · · · ,N, p = 1, · · · ,ki} (see Fig. 1) of time duration T , in succession

to a given initial pattern1 P ′ = {tip | tip ≤ 0, i = 1, · · · ,N, p ≤ 0}. In pattern P each neuron has ki spikes

(i = 1,2, · · · ,N).

Here we only consider leaky integrate-and-fire (LIF) neurons with fixed connection (synaptic) delays. The

behavior of the membrane potential Vi of the ith LIF neuron, with a resting potential being zero, is given by

the following differential equation [8]:
dVi

dt
=−λVi + Ii(t) (1)

where λ > 0 denotes leakage coefficient and Ii(t) ∈ R denotes input current to the ith neuron. When Vi first

crosses the threshold θ > 0 from below, the neuron fires and Vi is reset to the resting potential 0.

Assume that the ith neuron fires at time tip. The ith neuron receives input spikes from the other N−1 neurons

and a constant input Ii. Then the incremental potential of the ith neuron at time ti(p−1) ≤ t < tip is given as the

following:

Ii(t) = Ii +
N

∑
j=1, j 6=i

∑
ti(p−1)−d ji<t jq≤t−d ji

w jiδ (t− (t jq +d ji)) (2)

where t jq is the qth spike of input neuron j, w ji ∈ R is the connection weight from the source neuron j to

neuron i, δ is Kronecker’s delta function, and d ji > 0 is the connection delay from neuron j to neuron i.2

Inserting eq. (2) to eq. (1) yields

dVi

dt
=−λVi + Ii +

N

∑
j=1, j 6=i

∑
ti(p−1)−d ji<t jq<t−d ji

w jiδ
(
t− (t jq +d ji)

)
(3)

The problem we are dealing with here is to find input strength Ii and weights w ji (i, j = 1, · · · ,N) of a

network, so that the network generates the desired spatio-temporal pattern P commencing at time t = 0, given

the connection delays d ji and the initial condition (the initial pattern P ′). Note that only a part of the initial

pattern is sufficient to determine the initial condition of the network, i.e. {tip} (−k′i +1≤ p≤ 0), where k′i ≥ 1

is the number of spikes required for initial condition, which satisfies ti(−k′i) < min j(t j0−d ji)≤ ti(−k′i+1).

B. Breaking down the problem

1Neurons in the network may have unknown external input before the last firing in the initial pattern, t < ti0, but not after that.
2Although this notation cannot handle the cases of multiple synapses from neuron j to neuron i with different delays, it is straightforward

to apply the argument to such cases.
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Fig. 1. Input patterns to the ith neuron. All synaptic connections have the same delay d. The input sequence is divided according to

spikes of the desired output pattern of the ith neuron. Note that each neuron has different divisions.

To describe the required condition of the network, we break down the spatio-temporal pattern P into input

patterns, each of which is related to one spike output. An input pattern P(i, p) related to the firing tip of ith

neuron is defined as

P(i, p) = {{t1q +d1i : ti(p−1) < t1q +d1i ≤ tip,1 6= i},

{t2q +d2i : ti(p−1) < t2q +d2i ≤ tip,2 6= i},
...

{tNq +dNi : ti(p−1) < tNq +dNi ≤ tip,N 6= i}}, (4)

which is the set of timing of all spike arrivals that cause depolarization or hyperpolarization to the ith neuron in

the range ti(p−1) < t ≤ tip (see for example, Fig. 1). We say the ith neuron responds to an input pattern P(i, p),

remembering that the neuron does not fire during ti(p−1) < t < tip, fires at tip, resets at time ti(p−1) and receives

an input pattern P(i, p) together with an input constant Ii.

Since the following lemma holds, we can write down the required condition of a network for each input

pattern. Moreover, since the the parameters of ith neuron’s input (Ii and w ji) are independent of those of the

other neurons’, we can solve the problem one neuron at a time, instead of solving the whole network at once.

Lemma 1: Let NET be a deterministic N-neuron network having an initial condition at t = 0 given by

the initial pattern P ′. NET reproduces the pattern P in succession to P ′ if and only if (a) every ith neuron

(i = 1, . . . ,N) in the NET responds to every input pattern P(i, p) (p = 1, . . . ,ki) and (b) every ith neuron produces

no spikes within the range (tiki ,T ].

This lemma is proved in Appendix.

In the rest of this article, we fix the neuron index i and pursue a way to find input strength Ii and weights

w ji ( j = 1, · · · ,N) so that the ith neuron responds to the input patterns P(i, p) (p = 1, . . . ,ki).

May 14, 2006 DRAFT



4

C. Conditions

The ith neuron responds correctly to the pth input pattern (i.e. the neuron does not fire during ti(p−1) < t < tip

and fires at tip) only if the membrane potential Vi satisfies the following two conditions:

Vi(tip)≥ θ (reaching condition) (5)

Vi(t) < θ (ti(p−1) < t < tip) (first-crossing condition) (6)

Both conditions are related to the potential at a designated time. However, assuming that the network obeys

the designated pattern P , we have the exact information of all input spikes to the ith neuron as well as reset

timing of the neurons. Thus, we can write down Vi(t), the potential of the ith neuron, as a function of time t

with patameters Ii, w ji, d ji and P . The ith neuron can respond to the given pattern only if this function Vi(t)

is consistent with the above two conditions. In this section, we show that the conditions can be represented in

a set of linear equations and inequalities on Ii and w ji.

By solving eq. (3), we can see that Vi(t) is a linear summation of VC
i (t), the contribution from the constant

current input, and V S
i (t), synaptic inputs from other neurons.

Vi(t) = VC
i (t)+V S

i (t) (7)

The contribution of the constant input is

VC
i (t) = Ii · ci(t) , (8)

where

ci(t) =
1
λ

[
1− exp

(−λ (t− ti(p−1))
)]

(9)

VC
i (t) increases from zero to Ii/λ provided that Ii > 0.

The contribution of the input from other N−1 neurons to the ith neurons is

V S
i (t) =

N

∑
j=1, j 6=i

w ji · s ji(t) , (10)

where

s ji(t) =


 ∑

t jq∈P(i,p),t jq≤t
exp

(−λ (t− (t jq +d ji))
)

 (11)

Thus, when we fix t, we can regard Vi(t) as a linear function of Ii and w ji ( j = 1, · · · ,N), their coefficients are

given by ci(t) and s ji(t).

In the following, we investigate conditions (5) and (6).

1) Reaching condition, without spike arrivals synchronized with firings: Either a spike arrival synchronized

to the firing time tip or current input can push the potential up to the threshold and satisfy (5). However, since

we have the information of the pattern P and synaptic delay d ji, we can tell whether the neuron i has the

spike arrival synchronized at tip or not. In fact, when synaptic delays are determined independent of the pattern

P (e.g. taken from some random distribution), the proportion of firings that accompanies synchronized spike

arrival can be negligibly small. Moreover, in case that there is no such synchronized spike arrival, we can

rewrite the condition (5) into an easily solvable equation.
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Lemma 2: Consider the pth input pattern P(i, p) which does not contain any spike arrival synchronized with

post-synaptic firing, i.e., t jq 6= tip−d ji for any q ( j = 1, · · · ,N). Then the following two conditins are necessary

and sufficient for the reaching condition (5):

Vi(tip) = θ (12)

Ii > λ ·θ (13)

Note that eq. (13) means that the constant current acting alone would cause oscillation of the ith neuron.

Equation (12) becomes with Eqs. (8) and (10):

θ = Iici(tip)+∑
j

w jis ji(tip) . (14)

This equation holds for all input patterns without spike arrival synchronized with post-synaptic firing. Let

PASYNC = {p1, . . . , pmi} ⊂ {1, . . . ,ki} be the set of indices of input patterns for ith neuron whose firing ac-

companies no synchronized post-synaptic firing, where mi is the number of such patterns (0≤ mi ≤ ki). Then

eq. (14) gives mi equations for variables Ii and w ji. In matrix representation,




ci(tip1) s1i(tip1) · · · sNi(tip1)

ci(tip2) s1i(tip2) · · · sNi(tip2)
...

... · · · ...

ci(tipmi
) s1i(tipmi

) · · · sNi(tipmi
)







Ii

w1i

w2i
...

wNi




=




θ

θ
...

θ




. (15)

The equation above has a dimension of mi×(N +1). Note that every element in the leftmost matrix is a constant.

We call eq. (15) the ith neuron equation since all connections from the other neurons to the ith neuron and the

current input Ii are fully determined by eq. (15).

The existence of a solution of ith neuron equation (eq. (15)) for all neurons i = 1, · · · ,N is a necessary

condition for the configuration of a spiking network that generates the desired pattern P .

Thus this equation tells us that, for any given input/output pattern, we have to solve eq. (15) first to check

whether a configuration of a spiking neural network is possible. In a scenario where the solution is unique, we

can assess whether there is such a spiking neuronal network or not. If there is no solution, we see that there

is no such a spiking neuronal network to generate the pattern P (see Example 1 below). If there is more than

one solution, we have to find a way to choose one out of many (possibly infinite) solutions (see Example 1

and Section IV).

Example 1 Assume that there is no spike arrival synchronized with post-synaptic firing and that we have the

following neuron equation (eq. (15)) for the 1st neuron:



ci(ti1) 0 · · · 0 · · · 0

ci(ti2) sNi(ti2) · · · 0 · · · 0
...

...
. . .

...
...

ci(tiki) 0 · · · s ji(tiki) · · · 0
...

... · · · ... 0
. . .







Ii

w1i

w2i
...

wNi




=




θ

θ
...

θ




, (16)
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which means that inside each interspike interval of the ith neuron, it receives exactly one spike from a different

input neuron (but not the first neuron itself). When ki ≥ N, there is at most one unique solution (it is required

that tiki = ti1,ki > N). Hence we can easily design a desired spiking network to generate the required pattern

P, provided that the first-crossing condition is satisfied (see the next subsection). When ki < N, we have the

freedom to choose weights w ji, j > ki so that the first-crossing condition is fulfilled. Of course, the case of

ki < N is more interesting and we will return to it in Section IV. Roughly speaking, when the number of

neurons is greater than the number of patterns,

N > max
i=1,··· ,N

ki (17)

we have the freedom to configure a spiking neuronal network to generate a desired spike pattern.

Equation (15) gives us only a necessary condition for producing P; other conditions need to be satisfied to

ensure the generation of the desired pattern, which is discussed below.

2) Reaching condition, when spike arrivals are synchronized with firings: In case an input pattern has a

spike arrival synchronized with the post-synaptic firing, we cannot apply eq. (12), so we have to deal with the

original inequality of the reaching condition

Vi(tip)≥ θ (p /∈ PASYNC,1≤ p≤ ki) . (18)

Using eqs. (8) and (10), we can obtain an inequality for Ii and w ji. Then, by combining with eq. (15), we can

solve them to calculate the required configuration of the network.

3) First-crossing condition: To extract a set of inequalities for Ii and w ji from the first-crossing condition

(6), we can use the fact that eq. (13) guarantees the potential function Vi(t) to be monotonically increasing in

between any two incoming spike arrivals. For each input pattern P(i, p), we can divide Vi(t) into monotonically-

increasing sections, and check that the sections have ends below the threshold. Since we know the timing of

spike arrivals in desired patterns, it is enough to check eq. (6) only for some discrete times, immediate before

any spike arrival.

Lemma 3: Suppose that ith neuron satisfies constraints (13), (15), and (18). The necessary and sufficient

condition for holding the first-crossing condition (6) on the neuron is

lim
ε→+0

Vi(t jq +d ji− ε) < θ (t jq ∈ P(i, p)) . (19)

Note also that we can obtain the constraint for proposition (b) in Lemma 1 by applying inequality (21) to

arriving spikes in (tiki ,T ].

lim
ε→+0

Vi(t jq +d ji− ε) < θ ( j = 1, . . . ,N, j 6= i, tiki < t jq +d ji ≤ T ) (20)

If we merge the range of inequality (20) with those of inequalities (19) for all input patterns for ith neuron,

it is equivalent to check the potential before all arriving spikes in the range (ti0,T ].

lim
ε→+0

Vi(t jq +d ji− ε) < θ ( j = 1, . . . ,N, j 6= i, ti0 < t jq +d ji ≤ T ) (21)
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Fig. 2. Conditional switching. Pattern 2 and Pattern 4 are the same before a trigger input (the pointed spike). The network emits a totally

different spike sequence based on the existence of the trigger.

By applying eqs. (8) and (10) to inequality (21), we can obtain a set of inequalities for Ii and w ji that represents

this first-crossing condition.

4) Network Configuration Theorem: By combining all conditions discussed in this section, we obtain the

following theorem.

Theorem 4: Denote P as the desired pattern to be produced in succession to the initial pattern P ′, and T

the duration of pattern P . Let NET = 〈(Ii),(w ji),(d ji)〉 be a network with LIF neurons satisfying eq. (13), and

having an initial condition at t = 0 given by the initial pattern P ′. NET generates the desired pattern P in

succession to P ′ if and only if NET satisfies all constraints given by Eqs. (15), (18), and (21).

See Appendix for the proof of this theorem.

D. Extending patterns

So far, P(i, p), the pth input pattern of the ith neuron, denotes a section in one continuous input sequence;

but P(i, p) can be used to denote other than that. In fact, for the ith neuron, every input pattern is independent.

Thus we can use two or more patterns as a conditional relation of input and output (see Fig. 2).

Moreover the ith neuron can respond repeatedly to the same set of patterns. One of the simplest applications

is a periodic sequence (see Fig. 3). In this case, the number of spikes in one period gives the number of patterns.

If every neuron has a plentiful number of input neurons, an arbitrary long periodic pattern can be implemented

(see Example 1).
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1st
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(N-1)th

Nth

ith

pattern 1 pattern 2 pattern 3 pattern 1 pattern 2 pattern 3

Fig. 3. Periodic sequence. Patterns are used repeatedly to construct a periodic sequence, which produces spikes more than the number of

input neurons.

E. Multi-Layer Network

All results given above are independent of the network structure, i.e. they are established for recurrent

networks. Here we have a close look at multi-layer networks.

Suppose that we have a multi-layered network and a neuron in the kth layer receives inputs from the (k−1)th

layer in addition to other neurons in the kth layer. Then we can solve one layer at a time, assuming that the

(k− 1)th layer is correctly configured and send the desired spiking pattern to the kth layer. As we noted in

Example 1, increasing the number of input connections will generally expand the solution space so that the

first-crossing condition is more easily fulfilled.

In Section IV, we present numerical results for cases of one and two layers. For one layer cases, there is

one input layer in addition to the output layer. The input layer has a few neurons which is directly driven

by external input signals, and connected directly to the neurons in the output layer. There are no interactions

between input neurons, but there are interactions between the output neurons. For three layer cases, one hidden

layer is added.

III. STABILITY OF THE PATTERN

In this section we discuss the issue of stability against jitters, i.e., fluctuation of temporal positions of the

inputs. Here we confine ourselves to the stability within the given input pattern P(i, p): We regard that the

pattern is substantially changed when a spike in the pattern does not arrive or an extra spike is arrived. It is

possible that different input patterns constitute the same spatio-temporal output pattern, in particular when spike

arrivals are synchronized to the spike output; but we will not deal with such a case in this paper.

With noise (jitter), the actual firing time tip might be different from the desired firing time t̄ip. The difference

tip− t̄ip, which is called the jitter of the firing, affects the subsequent activity of the network. The jitter can

affect timing of subsequent spikes either by shift of reset timing or by shift of spike input timing. However,

under certain conditions, small jitters would not change the order of subsequent spike arrivals and firings. This

property enables us to investigate stability near the given input patterns.

In this section, we first inspect the condition under which small jitters do not change the order of spike
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arrivals and firings. Then we discuss affection via the shift of reset timing. After that, we discuss affection via

the shift of spike input timing. Finally, we discuss the stability of a whole pattern.

A. Conditions for possibly stable output pattern

The first step of stability analysis is to make sure that an infinitesimal jitter does not cause substantial changes

to the behavior of the network. A substantial change, such as the excess or lack of a spike arrival in the given

input pattern, may be caused by one of the following cases:

1) Violation of first-crossing condition: An infinitesimal jitter may perturb potential (details are discussed

in the following sections). To ascertain that the perturbation does not violate inequality (21), we can impose a

small finite margin m > 0 between the potential value and threshold. That is to say

Vi(t)≤ θ −m (t 6= tip, p = 1, . . . ,ki) . (22)

Note that the reaching condition does not require special treatment like this. Although a small jitter may push

the potential of ith neuron below the threshold at the firing time tip, the neuron will to fire shortly thanks to

eq. (13). We will discuss this in Section III-C.

2) De-synchronization of synchronized spike arrivals: If a jitter is posed on a spike arrival that is synchronized

with other spike arrivals, they get de-synchronized. In particular, if there is an excitatory spike input that is

strong enough to induce firing but the firing is suppressed by synchronously arriving inhibitory spike input,

jitter on either of them may put off the suppression and induce excess firing. Another case that needs special

attention is two or more spike arrivals synchronized with the firing of the post-synaptic neuron; if the firing

can be triggered without some of the synchronized spike arrivals, the rest of the spikes may arrive after the

firing and change the potential that should be kept untouched after reset.

In either case, substantial change is caused by the firing of the post-synaptic neuron in absence of one of

the synchronized spike arrivals. We can make a small modification on inequality (21) to suppress such firings:

Vi(t jq +d ji)−w ji < θ (t jq ∈ P(i, p)), (23)

where the left-hand side represents the potential of time t jq without the spike arrival from jth neuron. If there are

synchronized spike arrivals, this inequality is substantially more strict than the inequality (21), and is equivalent

otherwise.

Combining the two considerations above, we obtain a new first-crossing condition that allows for a network

that is resistant to infinitesimal spike jitters.

Vi(t jq +d ji)−w ji ≤ θ −m (t jq ∈ P(i, p)), (24)

In the rest of this paper, we use this inequality as a first-crossing condition.
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B. Jitter of neuron reset timing

A jitter of a spike on ith neuron affects subsequent spikes on the same neuron, because the jitter changes

the reset timing. To see this relationship, we need to calculate the shift of the spike timing, dtip, in terms of

the shift of the previous spike timing, dti(p−1). To quantitatively describe it, we calculate dVi(t̄ip), the change

of potential at the expected firing time.

From Eqs. (7) and (9),

Vi(t̄ip) = VC
i (t̄ip)+V S

i (t̄ip)

= Ii · 1
λ

[1− exp(−λ (t̄ip− ti(p−1))]+V S
i (t̄ip) (25)

Since V S
i is independent of ti(p−1), we can derive

dVi(t̄ip)
dti(p−1)

=−Ii · exp(−λ (t̄ip− ti(p−1))) (26)

On the other hand, dtip
dVi(t̄ip) =− dtip

dVi

∣∣∣
Vi=θ

, since dVi(t̄ip) implies the change of function Vi(t) itself but dVi is

just a gradient of the function. From eq. (3), we can see dtip
dVi

= 1
Ii−λVi

. Thus, the following equation holds.

dtip
dVi(t̄ip)

=− dt
dVi

∣∣∣∣
Vi=θ

=− 1
Ii−λθ

(27)

Combining this with eq. (26), we can derive the following relation.

dtip
dti(p−1)

=
dtip

dVi(t̄ip)
· dVi(t̄ip)

dti(p−1)

=
Ii
λ

Ii
λ −θ

exp(−λ (t̄ip− ti(p−1)))

=
Ii
λ −VC

i (t̄ip)
Ii
λ −θ

(28)

where VC
i is the contribution of constant input to the potential, defined in eq. (9). From eq. (12), we can see

θ = Vi(t̄ip) = VC
i (t̄ip)+V S

i (t̄ip).

When a neuron has no spike input and fires only by a constant input, i.e. V S
i (t̄ip) = 0, dtip

dti(p−1)
is in unity, which

means that the amount of jitter is kept unchanged. When inhibitory spike inputs are dominant (V S
i (t̄ip) < 0),

then dtip
dti(p−1)

becomes less than 1, which means that the next jitter is smaller than the previous one, and t̄ip can

be a stable firing timing in case patterns are repeated. On the other hand, in a case the excitatory spike inputs

are dominant (V S
i (t̄ip) > 0), dtip

dti(p−1)
> 1 holds and t̄ip becomes an unstable firing timing.

Figure 4(a) shows the case when there is only one excitatory input spike during the pattern. In this case
dtip

dti(p−1)
≈ 2.25 and the jitter of the next spike becomes larger than that of the previous one.

C. Jitter of spike input timing

A jitter of a spike on the ith neuron is also affected by jitter of spike arrival from another ( jth) neuron.

If a spike arrival is synchronized with post-synaptic firing in the pth input pattern and Vi(t̄ip) is substantially

smaller than θ , the jitter of the last spike arrival is directly propagated to the output spike and the jitters of
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θ

ti(p-1) tjq tip

(a) Delayed reset (dti(p−1) > 0)

θ

ti(p-1) tjq tip

(b) Advanced spike input (dt jq < 0)

Fig. 4. Effect of jitters. In case of excitatory spike input, both delayed reset and advanced spike input cause delay of the next firing.

other spikes have only negligible effect. However, in other cases, the jitter of a spike arrival affects the jitter

of the output spike in a non-trivial way. Here we calculate the factor dtip
dt jq

to see the effect of small difference

of input timing t jq to the subsequent spike output timing tip. As in the previous section we calculate the factor

via dVi(t̄ip).

From Eqs. (7) and (11) (replacing some variables),

Vi(t̄ip) = VC
i (t̄ip)+V S

i (t̄ip)

= VC
i (t̄ip)+

N

∑
k=1
k 6=i

wki


 ∑

(tkr+dki)∈P(i,p)
tkr+dki≤t

exp(−λ (t̄ip− (tkr +dki)))


 (29)

Since all terms except k = j and r = q are independent of dt jq, we can derive:

dVi(t̄ip)
dt jq

= w jiλ (exp(−λ (t̄ip− (t jq +d ji))) (30)

Using eq. (27), we can calculate dtip
dt jq

as in the following:

dtip
dt jq

=
dVi(t̄ip)

dt jq
· dtip

dVi(t̄ip)

= w jiλ · exp(−λ (t̄ip− (t jq +d ji))) · (− 1
Ii−λθ

) (31)

=− 1
Ii
λ −θ

w ji · exp(−λ (t̄ip− (t jq +d ji))) (32)

In other words, when a jitter is propagated from the jth neuron to the ith neuron, the amount of jitter is

multiplied by − 1
Ii
λ −θ

. This coefficient depends on the ith neuron and on w jiλ exp(−λ (t̄ip− (t jq + d ji))), the

contribution of the jittered spike arrival to the potential of ith neuron at the timing of the subsequent spike.

Note that eq. (13) implies Ii
λ > θ , and s ji(t) > 0. Thus the sign of the jitter is negative if w ji > 0.
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Figure 4(b) shows the case when the input spike with large w has a jitter. In this case dtip
dt jq

≈−1.25, and the

jitter of the output spike becomes negative and slightly larger than that of the input spike. This shows nothing

about the stability of the system; it depends on how the resulting jitter is propagated to another neurons.

Since the ith neuron has N−1 incoming synapses, the jitter of the ith neuron can be the sum of the jitters

caused by the input.

∑
i

dtip =− 1
Ii
λ −θ

·∑
j

w jis ji(t̄ip)dt jq (33)

If we represent the average of dt jq as {dt}, eq. (33) can be approximated using eq. (10) as the following:

∑
i

dtip =− 1
Ii
λ −θ

·∑
j

w jis ji(t̄ip){dt}

=− 1
Ii
λ −θ

·V S
i (t̄ip){dt} (34)

From this equation, we can see two terms, which can be controlled to reduce propagation of jitters. One is

V S
i (t̄ip), which represents the contribution of input spikes in the potential at the firing times. Decreasing this

term (e.g. remove some excitatory input or add some inhibitory input) makes the firing less sensitive to input

jitters. Another is to increase Ii
λ , which represents the asymptotic potential caused by constant input. Increasing

this term makes the ith neuron fire more regularly, and consequently, less sensitive to input jitters.

D. Stability of patterns

Finally, we study the stability of an autonomously repeated sequence. For simplicity, we focus on a simple

sequence, in which every neuron fires once in a period. However, it is easy to extend the following discussion

into more complex cases.

Let T be the length of one period in the repetition and t̄i be desired firing time of the ith neuron in a period

(i = 1, · · · ,N). We can re-number neurons so that 0≤ t̄1 < t̄2 < · · ·< t̄N < T . Connection delay di j is less than

the spike interval between the ith neuron and jth neuron, i.e. di j < t̄ j− t̄i (i < j), di j < t̄ j− t̄i +T (i > j).

Let δi be the jitter of the spike on the ith neuron. We would like to see δ ′i , jitter of the spike in the next

period, in terms of δi. From Eqs. (28) and (32), we can represent the relationship between δi and δ ′i .

δ ′i =
1

Ii
λ −θ

[
Ii

λ
· exp

(−λ ((T + t̄i)− t̄i))
)
δi

−
N

∑
j=i+1

w ji exp
(−λ ((T + t̄i)− (t̄ j +d ji)))

)
δ j

−
i−1

∑
j=1

w ji exp
(−λ ((T + t̄i)− (T + t̄ j +d ji))

)
δ ′j

]

We can convert this into a recurrence formula of eλ t̄i δi:

eλ t̄i δ ′i = e−λT 1
Ii
λ −θ

(
Ii

λ
(eλ t̄i δi)−

N

∑
j=i+1

w jieλd ji(eλ t̄ j δ j)

−
i−1

∑
j=1

w jieλ (T+d ji)(eλ t̄ j δ ′j)

)
(35)
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We introduce the following matrix notations:

v =




δ1

δ2
...

δN




W1 =




0 eλd12w12 · · · eλd1N w1N
...

. . . . . .
...

0 · · · 0 eλdN−1,N wN−1,N

0 · · · 0 0




v′ =




δ ′1
δ ′2
...

δ ′N




W2 =




0 0 · · · 0

eλd21w21 0 · · · 0
...

. . . . . .
...

eλdN1wN1 · · · eλdN,N−1wN,N−1 0




D =




eλ t̄1 0 · · · 0

0 eλ t̄2
. . .

...
...

. . . . . . 0

0 · · · 0 eλ t̄N




I =




I1
λ 0 · · · 0

0 I2
λ

. . .
...

...
. . . . . . 0

0 · · · 0 IN
λ




Then we can rewrite eq. (35) as follows, where E is the N-dimensional identity matrix.

Dv′ = e−λT (I−θE)−1(IDv−W1Dv−W2eλT Dv′) (36)

By simplifying this equation, we obtain the following:

v′ = e−λT D−1(I−θE +W2)−1(I−W1)Dv (37)

Thus the change of the jitter after one period of the given sequence is represented by the matrix M =

e−λT D−1(I−θE +W2)−1(I−W1)D. Using this matrix we can give the stability condition as follows.

max |eigenvalue[M]|< 1 (38)

When eq. (38) holds, limn→∞ Mn = O. This means that the jitter converges to zero after many repetitions of

the sequence production, and hence, the system is asymptotically stable in repeating the given sequence.

Note that this stability depends on the order of firing. If the initial pattern has a large jitter and the firing

order is changed, the above argument on stability does not hold anymore. This also means that a network can

be stable in producing two or more sequences with different firing orders.

IV. SIMULATIONS

To illustrate the framework developed in the previous sections, we will show a few numerical simulations.

For a given arbitrary spatio-temporal sequence, an appropriate configuration of a spiking neural network which

produces the desired sequence is generated.
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−→ Time

Fig. 5. Simulation of a network with a given repeated sequence. Input to the network is just one spike (thick line at the bottom) and

constant current input. The bar at the bottom right corner indicates the length of the synaptic delay.
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Fig. 6. Configuration of the network used in Fig. 5. “Ctrl” shows connection from control input (thick line in Fig. 5). “Const” shows

constant current input, normalized by dividing by λ ·θ .

A. Simulation Settings

Combining neuron equation (eq. (15)) with input current strength condition (eq. (13)), reaching condition on

firing accompanying synchronized spike arrival (eq. (18)), and stable synchronized firing condition (eq. (24)), we

have a set of linear inequalities for w ji’s and Ii, which gives the range of possible configurations. Nevertheless,

we usually have many (infinite) solutions for the configuration of spiking neural networks to generate the desired

spikes, as discussed in Example 1. To pick one out of many solutions, we apply some optimization criteria

here, i.e., to maximize the stability within all the possible configurations.

More specifically, here we use PCx [9], a linear-programming solver library, to calculate the connection

weights and constant inputs for neurons. Since the condition of eq. (38) is too complex to be solved with linear-

programming solver, we designed the cost function to be optimized based on the discussion in Sections III-B
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Fig. 7. Simulation of a network with switching sequences. Input to the network is three spikes (thick lines at the bottom) and constant

current input. The bar at the top right corner indicates the length of the synaptic delay.

and III-C. The cost function for the ith neuron to be minimized is

zi =
N

∑
j=1
|w ji|−C

Ii

λ
(39)

where C > 0 is a constant to control the balance of optimization. In other words, the linear-programming solver

prefers weak connection weights and a large Ii. With this cost function we can reduce the computational cost

by dividing the original linear-programming problem into solving N smaller problems, one for each neuronal

input. In all simulations, we set the delay d of all synaptic connections to 0.1l, where l is the length of one

periodic pattern, and the threshold margin m to 0.01θ . For simplicity, the initial condition we posed consists of

(1) reset of potential without firing at time tbegin <−d, and (2) one trigger input at ttrig where tbegin < ttrig <−d.

In other words, every neuron receives only one spike from the trigger input between the initial reset and the

beginning of pattern output.

To simulate the configured network, we used PUNNETS simulation library [10] to perform the actual dynamics

of the network. This library provides us with a very fine-grained temporal precision of simulating spiking neural

networks using discrete-event (event-driven) simulation framework.

B. Simple Simulation

Figures 5 and 6 show a typical result of our simulations. In this simulation, we consider a network of ten

neurons and configure them so that the network repeatedly produces the given spatio-temporal sequence, which

looks like ∩∪∩∪ ·· · . As shown in Fig. 5, the given pattern is correctly recalled when the network receives

the stimulus. The input neuron to the network (the thick line at the bottom of the figure) is feedforwardly
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Fig. 8. Configuration of the network used in Fig. 7. “Ctrl” and “Const” are the same as in Fig. 6.

Fig. 9. Simulation of a network with multiple layers. The bar at the top right corner indicates the length of the synaptic delay.

connected to the ten output neurons and it sends one spike to initialize the network. The input spike triggers

the subsequent network activity. The sequence of the desired pattern consists of a total of 44 patterns for 10

neurons.

Membrane potentials of each neuron are also depicted in Fig. 5. It clearly shows that when a neuron fires,

it sends an EPSP (excitatory postsynaptic potential) or IPSP (inhibitory postsynaptic potential) to the neuron

which it connects. It is interesting to note that usually the postsynaptic neuron does not fire simultaneously and

the threshold crossing is mainly due to the constant input.
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Fig. 10. Configuration of the network used in Fig. 9. “Ctrl” and “Const” are the same as in Fig. 6.

C. Large-scale Simulation

To further demonstrate the application of our approach, we consider more complex examples. Fig. 7 shows

the result of another simulation. It is a network of 50 neurons and its activity switches between patterns. Three

input neurons (thick lines at the bottom of the figure) are included in the network to initialize the activity. An

O-like sequence is generated first, and the sequence repeats itself when it receives no further inputs. When

the network receives another input spike then an X-like sequence is generated, and repeats itself if no further

input is received. The sequence is then switched back to an O-like sequence again with the third input. All the

sequences are broken down into a total of 338 patterns for the 50 neurons. The figure shows that the network

correctly switches its output pattern according to trigger inputs of the input neurons.

In our simulation, the pattern OOO... is turned into XXX... with a single spike input, and turned back to

OOO... with another single spike input. It is reminiscent of the creation of a working memory widely discussed

in the literature.

D. Multi-layer Simulation

Fig. 9 shows the simulation of a two-layered network. The first layer is given a random repeating pattern,

and the lateral connection within the layer is calculated by our formula. The second layer, which is given a

repeating smiley-face pattern with the same period as the first pattern, has connections from the first layer as

well as a lateral connection within the second layer. If the second layer had not had connections from the

first layer, any configuration of this smiley face pattern we have found does not satisfy the stability condition.

As a result, the network with such a configuration accumulates jitter quickly and its output pattern collapses
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after a few repetitions. This example demonstrates that adding a layer of a random spiking pattern stabilizes

production of a complex pattern.

V. DISCUSSION

A. Feasibility

From our simulations, we found that some patterns were difficult to generate. It is likely to happen if (1)

there are two close firings of a neuron with too few spike inputs between them, or (2) several patterns for the

ith neuron share identical input neurons and input patterns. In case (1), solving the reaching condition gives an

extremely large value of connection weights or constant input strength, and violates the first-crossing condition.

Case (2) makes the ith neuron matrix linearly dependent, and causes eq. (15) to be infeasible. However, randomly

given sequences with appropriate minimum distance between firings will not match either case, and as a result,

will be almost always possible to be created.

Furthermore, the problem becomes more feasible by adding more neurons, as we have demonstrated in Sec-

tion IV-D. Adding “supporting” neurons and assigning them some (possibly random) firing patterns associated

with the desired firing sequences will break either infeasible case with some constant probability. By adding a

plentiful amount of supporting neurons, we can make the possibility of infeasible cases to be as close to zero

as we wish. Thus we can conclude any sequence can be produced in this way.

B. Stability

In some complex repeating sequences, we observed that the simulated network failed to produce the assigned

sequence after several repetitions. We are able to analyze such instable patterns in terms of jitter increase;

Note that the simulation error appears as jitters of spike timings because we used an event-driven simulation

framework. Although the discussion of stability in Section III revealed the propagation of jitters, we cannot

give good conditions to limit the coefficient of jitter propagation within the range (-1,1). It is one of our future

topics to find a better way than eq. (39) to incorporate a stability condition (such as eq. (38)) into the solver.

C. Length of synaptic delay

In this paper, the only restriction on the synaptic delay is δi j > 0. Indeed, we have no upper limits on the

delay. For example, we have no problem to set δi j greater than the duration of a periodic sequence. All we

need is to shift the input pattern with the amount of delay. Although introducing longer delay can increase the

number of input patterns, which increases the number of constraints and hence makes the problem less feasible,

we can add supporting neurons to make the problem more feasible as we discussed in Section V-A.

D. Sparse connectivity

As shown in the Section IV, the result of the connection calculated from the formula tends to be very sparse,

a phenomenon widely discussed in the literature[11]. We observed that increasing the number of neurons

improves sparseness. For example, in the 50-neuron example in Fig. 8, only 17.8% of the possible connections

are connected. If we increase the number of neurons to 200, the connectivity decreases to 9.8%.
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We can explain this sparseness based on our formula. To minimize the cost function (eq. (39)), weights of

redundant connections tends to be zero, i.e. configured to be unconnected. eq. (16) tells us that, in general, the

minimum number of non-zero post-synaptic connections to a neuron is the number of patterns of the neuron,

e.g. the number of spikes in a period in case of simple repetition. Several extra connections are required to

ensure first-crossing, and some more to further reduce the cost function. However, it seems that the number of

these extra connections is affected only slightly by increasing the number of neurons.

E. Dominance of inhibitory connections

We also observed that more than half of the connections are negative (inhibitory synapses). In some easy

configuration (like a random sequence), most of the connections become negative, as shown in Fig. 10. This is

due to the formulation of the cost function (eq. (39)). With negative connections the solver can increase Ii to

decrease the cost (i.e. make the network more stable). This is interesting because most lateral connections in

the cerebral cortex are inhibitory [12].

F. Network model variants

In this paper we confine ourselves to a very simple model of spiking neural networks. However, our method

is not restricted to such a simple model. In particular, we can see the ways to relax restrictions on step-like

PSP (post-synaptic potential) .

No matter what form of post-synaptic potential is assumed, as long as the neuron model can be represented

by Spike-Response Model [13], reaching conditions and first-crossing conditions can be described by a system

of linear equations and inequalities, because the membrane potential is contributed by a linear sum of input

spikes. There are basically no obstacles to extend our framework to include, for example, alpha-function-style

PSP. However, additional effort would be required for discussing stability with these extensions.

G. Application of this framework

One of the simplest and most convincing applications of a configured spiking neural network is possibly in

a control task, which requires an accurate replay of a given spatio-temporal pattern: for example the movement

of an (artificial) arm. With a given task, we can first design a spatio-temporal pattern to control the movement

and then apply our learning rule to configure a spiking network. This would possibly provide us with some

evidence on the advantage of spiking neural networks over rate-coded ones.

Besides such a direct application, our formalizations could be informative in the study of neural learning and

synaptic plasticity. Although we do not claim that a nervous system created a network exactly as our approach,

the desired result of the learning is explicitly given by the Theorem 4. In particular, the ith neuron equation will

enable us to study a new supervised learning rule, whose goal state is the given by the equation. For example,

one may be able to develop a stochastic weight-update rule with a lowest energy state within the range of

desired configuration.
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VI. RELATED WORK

A. Network dynamics

A lot of studies have been devoted to the dynamics of pulse-coupled oscillators, including spiking neural

networks. Included are the stability of synchronous solution [14], [15], [16], and its coexistence with chaotic

states [17], attracting behavior [18], [19], and the existence of multiple attractors [20], [21]. However, they rely

on the given network configuration and discuss its output pattern. In this work, we made a different approach,

which uses a given pattern and discuss required network configuration.

If we can convert the stable patterns in these studies into our notation of input pattern P(i, p), the network

satisfies the Network Configuration Theorem (Theorem 4). Problem is that the conversion is not always possible.

Even if we have a conversion, in most cases, it is difficult to discuss the relation between network dynamics

in those studies and that in our framework. Some of the reasons are listed below.

• Many studies concern systems without synaptic delay. We can treat such a system as a limited case of δ

going to 0 only if the given spatio-temporal pattern includes no synchronous firing. However, if there are

any synchronous firing in the given pattern, our framework cannot reproduce resetting behavior of neurons

(e.g., none of the Models A to E in [18] becomes applicable).

• Most of these works are focusing on the dynamics about synchronous firing, or firings synchronous to

spike arrivals. The ith neuron equation (eq. (15)), which is the core of our framework, is applicable only

if the firing accompanies no synchronous spike arrivals, and cannot be discussed within the context of

preceding studies. In addition, synchronous spikes may allow more than one input patterns to represent a

spatio-temporal pattern with synchrony; in such a case, our stability analysis in Section III-D becomes too

restrictive.

• In cases concerning integrate-and-fire oscillators without leakage (e.g., [18], [19], [17]), our stability

analysis turns into a trivial result (by assuming λ = 0, eq. (28) becomes 1 and eq. (31) becomes 0).

Jin’s work [22] is exceptional, because his analysis focuses on a fixed spiking sequence without synchroniza-

tion on a network of leaky integrate-and-fire neurons. Indeed, his notion of “Pseudo Spiking Time” is similar to

our discussion in Section III-D. Although there are small differences (Jin’s network depends on global inhibition

to avoid synchronous firing), it seems promising that his proofs can be extended to our framework.

B. Spatio-temporal pattern generation

One successful approach for spatio-temporal pattern generation is to use a recurrently connected network

to produce a spatio-temporal pattern [23], [24]. However, with this approach, spikes can only have a discrete

timing. Using a small time step will require an extremely large hidden layer, because this style of network

requires a very long learning time for handling patterns with a long shared subpattern [25]. Our framework is

advantageous because spikes can be at any timing in the spatio-temporal pattern.

C. Supervised Pattern Learning

One learning rule we should mention is the spike-timing-dependent plasticity (STDP), or temporally-asymmetric

Hebbian learning rule [26], [27], [28]. We should note that STDP is an unsupervised learning rule that trains
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a network to predict oncoming events [27]. In other words, STDP learns to compress a pattern in temporal

dimension; it is different from a supervised learning for replaying a given spatio-temporal pattern without

changing its length. We need another learning rule for applications that requires supervised learning of spatio-

temporal patterns. Our work can be a good starting point for such research (see Section V-G).

VII. CONCLUSION

We derived a framework for finding the configuration parameter of a spiking neural network, such that the

network produces the desired firing pattern with an appropriate initial condition. The framework was developed

for the leaky-integrate-and-fire neurons with constant inputs. We calculated stability condition, and showed how

to use a linear-programming routine to find a network configuration with an optimal stability. Simulation results

to exhibit the behavior of the configured network to generate the complex patterns, including pattern switching,

were presented.
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APPENDIX

A. Proof of Lemma 1

Proof: In case that P contains no spike, the pattern is reproduced if, and only if, the NET produces no

firing in the range (0,T ]. This condition is equivalent to proposition (b).

Otherwise, Let t0 be the time of the first spike in P and G be the set of neurons that has firing at time t0

(i.e., ∀i ∈ G∀t jq ∈P (t0 = ti1 ≤ t jq)).

The part of the pattern P in the range (0, t0] is reproduced if, and only if, (1) neurons in G produces the first

spike at time t0, and (2) the other neurons produces no spike in the range (0, t0]. Condition (1) holds because,

from proposition (a), every ith neuron in G responds to P(i,1). Condition (2) also holds for every ith neuron

not in G (If P contains no spike on ith neuron, this is equivalent to proposition (b). Otherwise, proposition

(a) says that the neuron responds to P(i,1), so that the neuron does not fire in the range (0, ti1), which is a

superset of (0, t0]). The rest of the pattern in the range (t0,T ] can be proved by recursively applying the lemma,

by shifting the pattern with the amount of −t0 and transferring the first spike group {ti1 | i ∈ G} from required

pattern P to the initial pattern P ′. Since this operation decreases the number of spikes in the pattern P , the

whole lemma is proved from mathematical recursion.

B. Proof of Lemma 2

Proof: Sufficiency is trivial.

If we assume Vi(tip) > θ , (6) is violated at the time just before tip, since there is no spike arrival at tip,

Vi(t) changes continuously in the neighbor of tip. Thus Vi(tip)≤ θ is necessary. Combining with eq. (5) yields

eq.(12).
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Moreover, since there is no spike arrival at tip, Vi cannot increase to θ if Ii ≤ λ ·θ . Thus inequality (13) is

necessary.

C. Proof of Lemma 3

Proof: Vi(t) (ti(p−1) < t ≤ tip) is divided into a finite number of continous sections by spike arrivals,

{t jq +d ji} (t jq ∈ P(i, p)). Moreover, due to inequality (13), every continuous section in Vi(t) is monotonically

increasing. Thus, the condition (6) holds if and only if the latter end of every monotonically-increasing

continuous section of Vi(t) is below the threshold θ . Inequality (19) states this on all but the last section.

If there is a spike arrival synchronized to the firing (t jq = tip), the last section is also covered by inequality (19).

In other cases, from eq. (12) (ensured by eq. (15)) and monotonic increase, we can derive limε→+0 Vi(tip−ε) < θ .

D. Proof of Theorem 4

Proof: It is enough to show that the Eqs. (15), (18), and (21) are the necessary and sufficient condition

of the propositions (a) and (b) in Lemma 1.

Proposition (a) is true if and only if reaching condition (5) and first-crossing condition (6) hold for all input

pattern. As for reaching condition, Lemma 2 states that (5) is equivalent to (15) for patterns that contain no

spike arrivals synchronized with post-synaptic firing. Inequality (18) states reaching condition (5) for the other

patterns.

As for first-crossing condition, Lemma 3 states that inequality (19) is the necessary and sufficient condition,

assuming that NET satisfies eqs. (15) and (18). Proposition (b) is equivalent to inequality (20), and the

combination of inequalities (19) and (20) is equivalent to (21).
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